The statics and dynamics of a stable, mobile three-dimensional (3D) spatiotemporal vortex light bullet in a cubic-quintic nonlinear medium with a focusing cubic nonlinearity above a critical value and any defocusing quintic nonlinearity is considered. The present study is based on an analytic variational approximation and a full numerical solution of the 3D nonlinear Schrödinger equation.
Introduction
An one-dimensional (1D) bright soliton with a cubic nonlinearity, capable of moving at a constant velocity [1, 2] , has been observed in nonlinear optics [1, 2] in both temporal [3] and spatial [4] varieties. Although, a three-dimensional (3D) spatiotemporal soliton cannot be formed with a cubic nonlinearity due to collapse [1, 5] , the soliton can be stabilized in higher dimensions with a saturable [5, 6] or a modified nonlinearity [7] , or with a cubic-quintic nonlinearity [8] or with a modified dispersion. A two-dimensional (2D) spatiotemporal optical soliton has been observed [9] in a saturable nonlinearity generated by the cascading of quadratic nonlinear processes. A 2D spatial soliton in a cubic-quintic medium has been suggested [10] and realized experimentally [11] . The generation of a stable 2D vortex soliton in a cubic-quintic medium has been suggested [12] . There has also been a study of the dynamics of the vortex pulsed beam in a medium with nonlinearities of opposite sign [13] and of interacting vortices in Bose-Einstein condensate (BEC) [14] .
A 3D spatiotemporal optical soliton, commonly known as a light bullet, was realized experimentally in arrays of wave guides [15] . There are many theoretical − numerical and analytical − studies on light bullets using the 3D nonlinear Schrödinger (NLS) equation [1] with a modified nonlinearity [6, 7] , nonlinear dissipation [16] , and/or dispersion [17] . Dispersion and nonlinearity management can stabilize light bullets in a medium with cubic nonlinearity [18] . Solitons have also been studied in the coupled NLS equation [19] . Recently, we studied [8] the formation of a 3D spatiotemporal light bullet [5, 6] in a cubic-quintic medium for a defocusing quintic nonlinearity and a focusing cubic nonlinearity. A cubic-quintic medium is of experimental interest also. The study with a polydiacetylene paratoluene sulfonate crystal in the wavelength region near 1600 nm shows that the refractive index versus input intensity correlation leads to a cubic-quintic form of nonlinearity in the NLS equation [1, 20] . The cubic-quintic nonlinearity also arises in a low intensity expansion of the saturable nonlinearity used in the pioneering study of light bullets [6] .
In this Letter we demonstrate the stabilization of a 3D spatiotemporal vortex (rotating) light bullet in a cubic-quintic medium and study its statics and dynamics employing variational and numerical solutions of the 3D nonlinear Schrödinger equation. The vortex light bullet is capable of moving without deformation with a constant velocity. We study the collision between two vortex light bullets moving along the spinning axis. Such a collision in 3D is expected to be inelastic with loss of energy. In the present numerical simulation of collision between two vortex light bullets in different parameter domains of nonlinearities and velocities three distinct scenarios are found to take place. At sufficiently large velocities the collision is found to be quasi elastic when the two bullets emerge after collision with practically no deformation. At small velocities the collision is inelastic and the bullets form a single bound entity in an excited state and last for ever and execute oscillation. We call this a breather. In a small domain of intermediate velocities, the bullets coalesce to form a single entity, which expands indefinitely leading to the destruction of the bullets.
We present the 3D NLS equation used in this study in Sec. 2. In Sec. 3 we present the numerical results for stationary profiles of 3D spatiotemporal vortex light bullets. We present numerical tests of stability of the vortex light bullet under a small perturbation. The quasi-elastic nature of collision of two vortex bullets at large velocities and formation of a breather at low velocities are demonstrated by realistic simulation. We end with a summary of our findings in Sec. 4.
Nonlinear Schrödinger equation: Variational formulation
The 3D NLS equation we describe below to study vortex soliton has application in two areas: in nonlinear optics, where the soliton is known as a spatiotemporal optical vortex bullet, and in BEC. In nonlinear fiber optics the 3D NLS equation is [1, 21] i ∂ ∂z and dispersion length L DS ≡ τ 2 /|β 2 |, where ω is the width of the pulse, and τ is the time scale of the soliton [22] .Now one defines the following dimensionless variables [21] 
The scale P 0 is chosen to yield unit norm: |Φ| 2 dxdydt = 1. Using dimensionless variables one obtains the following NLS equation with self-focusing cubic and selfdefocusing quintic nonlinearity [1] 
where r ≡ {x, y, t}, p and q are the coefficients of cubic and quintic nonlinearities, respectively. In (3) x, y denote transverse extensions, z the propagation distance, and t the time. The quintic nonlinearity of strength q with a negative sign denote self-defocusing. The plus sign before |Φ| 2 denotes a self-focusing cubic nonlinearity. For a vortex of charge L with circular symmetry in the x − y plane, we can write
This generates an optical pulse with a dark spot at the center (ρ = 0) and is called an optical vortex [23] . The wave function Φ(r, z) is periodic in θ with a period 2π (rotational symmetry). Consequently, recalling
for unit charge L = 1, (3) becomes [23] 
where we have dropped the L = 1 index from the wave function.
To estimate the order of magnitude of different variables, we consider an infrared beam of wave length λ = 1 µm in a nonlinear medium of β 2 = 10 −2 ps 2 /m, with the time scale τ = 60 fs. Then the beam width ω ≈ 239 µm and the dispersion length L DS = 36 cm. These numbers are quite similar to those in an experiment on spatiotemporal optical bullet in a planar glass wave-guide [24] . Here we present the results in dimensionless units, which can be converted to actual experimental units using the transformations (2) .
The analytic model (5) is also applicable to the case of a vortex soliton in BEC [25] . In that case the mean-field Gross-Pitaevskii equation describing the BEC in the presence of an attractive two-body and repulsive three-body interactions is given by [26] ih ∂ψ(r, t) ∂t
where m is the mass of each atom of the BEC, ψ(r, t) is the condensate wave function at space point r = {x, y, z} and time t, ρ = x 2 + y 2 , a is the s-wave scattering length of atoms, K 3 is the three-body interaction term, and N is the number of atoms. Equation (6) can be written in the following dimensionless form after a redefinition of the variables
where
, length is scaled in units of |a|, time in ma 2 /h, |ψ| 2 in units of |a| −3 . Equations (3) and (7) are mathematically the same, but the interpretation of the various terms in them is distinct. A BEC vortex soliton can be introduced in (7) in a similar fashion as in the case of optical pulse, viz. (5) . In the following we will discuss mostly the case of spatiotemporal vortex light bullet in cubic-quintic medium. Nevertheless, the similarity of the mathematical models (3) and (7) ensures the the possibility of generating a 3D vortex soliton in a BEC with repulsive three-body and attractive two-body interactions.
For an analytic understanding of the formation of a spinning light bullet (a vortex soliton of unit charge), we consider the Lagrange variational formulation of an optical pulse [27] . In this axially symmetric problem, convenient analytic variational approximation of the vortex bullet is [27, 28] 
where r 2 = ρ 2 + t 2 , σ 1 (z) and σ 2 (z) are radial and axial widths, respectively, and α(z), β(z) are corresponding chirps. The (generalized) Lagrangian density corresponding to (5) is given by
where the overhead dot denotes z-derivative. Equation (5) can be obtained by extremizing the functional (9) [27] . Consequently, the effective Lagrangian function
The variational parameters ν ≡ σ 1 , σ 2 , α, β are obtained from the Euler-Lagrangian equations
After some straightforward algebra the four Euler-Lagrangian equations lead to the following dynamical equations for the widths:
The stationary profile of the vortex bullet is obtained by setting the z-derivatives on the right-hand sides of (12)- (13) [27]:
1
Equations (14)- (15) correspond to the global minimum of a conserved α-and β-independent effective Lagrangian L(
The function L(σ 1 , σ 2 ) describes the Lagrangian dynamics of the widths σ 1 , σ 2 and is independent of the generalized velocitiesσ 1 ,σ 2 .
Numerical Results
The 3D NLS equation (5) is generally solved by the split-step Crank-Nicolson [29] and Fourier spectral [30] methods. The split-step Crank-Nicolson method in Cartesian coordinates is employed in the present study. We use r = {x, y, t} step of 0.05 ∼ 0.016, a z step of 0.0005 ∼ 0.0000025 [29] and the number of r discretization points 128 ∼ 320.
There are different C and FORTRAN programs for solving the NLS-type equations [29, 31] and one should use the appropriate one. We use both imaginary-and real-z propagation [29] for numerical solution of the 3D NLS equation. The imaginary-z propagation is appropriate to find the stationary state and the real-z propagation for the dynamics. In the imaginary-z propagation the initial state was taken as in (8) .
A stable bullet corresponds to a global minimum of the conserved effective Lagrangian L(σ 1 , σ 2 ) at a negative value. To demonstrate the appearance of a global minimum, we show in figures 1 the two-dimensional contour plot of the Lagrangian L(σ 1 , σ 2 ) in the σ 1 − σ 2 plane for (a) p = q = 200, (b) p = 200, q = 400, (c) p = 100, q = 200, and (d) p = q = 100, where we illustrate the region with negative Lagrangian; the Lagrangian is positive outside this region. The Lagrangian L(σ 1 , σ 2 ) goes to zero as σ 1 , σ 2 → ∞. At the origin, σ 1 , σ 2 → 0, and the Lagrangian L(σ 1 , σ 2 ) → ∞, which guarantees the absence of a collapsed state at the origin. The repulsive quintic nonlinearity contributes positively to Lagrangian; so does the first two terms on the right-hand-side of (10) . To make the Lagrangian (10) negative, the cubic nonlinearity coefficient p has to be larger than a critical value, e.g. p > p crit , when the minimum of Lagrangian could be negative corresponding to a stable vortex bullet. For p < p crit the optical pulse is too repulsive to form a vortex bullet. In figure  2 (a) we show the variational values for p crit versus q. We compare the numerical and variational results for the root-mean-square (rms) sizes x rms and t rms in figure 2(b) and Lagrangian |L| in figure 2(c), for q = 100 and 200. The variational Lagrangian is calculated using (9) with the numerically obtained σ 1 , σ 2 , corresponding to the minimum of Lagrangian (10) given by (12) and (13) . The variational x rms ≡ σ 1 . The rms sizes x rms , t rms and Lagrangian L of figure 2(b)-(c) , respectively, increase with an increase of q value corresponding to repulsion and decrease with an increase of p value corresponding to attraction.
To study the density distribution of the spatiotemporal vortex light bullets we define the reduced 1D and 2D densities by 
In figure 3 we show these reduced densities δ 1D (x) and δ 2D (x, 0) as obtained from numerical and variational calculations for different cubic nonlinearity coefficient p and quintic nonlinearity coefficient q. The corresponding Lagrangian values are also exhibited. For a fixed defocusing quintic nonlinearity coefficient q (= 200), the vortex bullet is more compact with the increase of focusing nonlinearity coefficient p resulting in more attraction as can be found in figures 3(a) and (c). For a fixed focusing nonlinearity coefficient p = 200 and 100, the light bullet is more compact with the decrease of defocusing nonlinearity coefficient q resulting in less repulsion as found in figures 3(a)-(b) and in figures 3(c)-(d), respectively. The negative-Lagrangian finite well of figure 1 trapping the spatiotemporal vortex light bullet guarantees its stability because of Lagrangian conservation. Now we present a numerical test of stability of a vortex bullet. For this purpose we consider the vortex bullet shown in figure 3(c) with p = 100 and q = 200 as calculated by imaginaryz propagation. Using the imaginary-z profile as the initial state we perform numerical simulation by real-z propagation. The real-z propagation shows steady breathing oscillation of the vortex bullet for a large z propagation. In figures 4(a), (b), and (c) we show the 3D isodensity contour of the vortex bullet at z = 0, 6 and 12. The vortex core remains intact in this propagation. No transverse instability [1] of the vortex core was found. In figure 4(d) we show the steady (monopole breathing) oscillation in the root-mean-square (rms) x and t sizes x rms and t rms versus propagation distance z during real-z propagation. The steady continued oscillation of the vortex bullet over a long distance of propagation establishes the stability of the bullet. The real-z simulation was performed in full 3D space without assuming spherical symmetry to guaranty the stability in full 3D Cartesian space.
The collision between two analytic 1D solitons is truly elastic [1] due to the conservation laws (of energy, momentum) and such solitons pass through each other without deformation at any incident velocity. The collision between two 3D spatiotemporal vortex bullets is expected to be inelastic in general due to loss of kinetic energy leading to their deformation. However, under ideal condition of large velocities the collision between two spatiotemporal vortex bullets can be quasi-elastic. Under these conditions, the kinetic energy of the colliding vortex bullets is much larger than the internal interaction energies and the duration of encounter in z is small. On the other extreme when the kinetic energies of the colliding vortex bullets are much smaller than the internal binding energies, the encounter is controlled solely by the internal interactions and the two vortex bullets after encounter form a bound entity after collision, called a breather. To test the nature of collision between the present spatiotemporal vortex light bullets, we study the frontal head-on collision of the same along the angular momentum axis (t). A moving bullet with velocity v along the t axis can be generated by multiplying the bullet wave function by exp(ivt) and performing real-z simulation with this function. The imaginary-z profile of the light bullet shown in figure 3(c) with p = 100, q = 200 is used as the initial function in the real-z simulation of collision, with two identical bullets placed at x = ±1.45 initially at z = 0. The vortex bullets are set in motion along the t axis in opposite directions with velocity v = 43. To illustrate the dynamics upon real-z simulation, we plot 3D density contour |φ(r, z)| 2 at different values of propagation distance z in figures 5. In this case the kinetic energy v 2 /2 ≈ 924 is much larger than the Lagrangian (|L| ≈ 2.5), the collision is found to be quasi elastic and considering the 3D nature of the collision the distortion of the vortex bullets after collision is found to be insignificant.
To study the inelastic collision at very small velocities we consider two compact bullets with p = 200, q = 200 and place them at t = ±2 and set them in motion with velocity v = 0.1 in opposite directions along the t axis. The dynamics is illustrated by a plot of the time evolution of 1D density δ 1D (t, z) ≡ dxdy|φ(r, z)| 2 versus t, z in figure 6 (a) and the corresponding contour plot is shown in figure 6 (b) . The two vortex bullets come close to each other at t = 0 coalesce to form a breather and never separate again. The combined bound system remain at rest at t = 0 continuing Figure 6 . (Color online) (a) The 1D density δ 1D (t, z) and (b) its 2D contour plot during the collision of two vortex bullets with p = q = 200 placed at t = ±2 at z = 0 and set into motion in opposite directions along the t axis with the velocity v = 0.1, and the formation of a breather upon real-z simulation. Figure 7 . (Color online) (a) The 1D density δ 1D (t, z) and (b) its 2D contour plot during the collision of two vortex bullets with p = q = 200 placed at t = ±2 at z = 0 and set into motion in opposite directions along the t axis with the velocity v = 20, and the destruction of the bullets upon real-z simulation. After collision the two bullets are destroyed and an expanding pulse results upon z evolution.
small breathing oscillation because of a small amount of liberated kinetic energy which creates the breather in an excited state. The observation of oscillating breather has been reported some time ago in dissipative systems [32] . In this case the kinetic energy v 2 /2 ≈ .005 is insignificant compared to the Lagrangian (|L| ≈ 21), and the collision is fully inelastic with a destruction of individual bullets.
However, as the velocity v is reduced from v ≈ 40 (elastic collision scenario presented in figure 5 ) to v ≈ 0.1 (breather formation as in figures 6), a distortion of the vortex bullets take place after collision with eventual destruction of the vortex bullets. This is illustrated in figures 7, where apart from the two trajectories of the vortex bullets after collision a central peak can be visualized at t = 0. On further reduction of the initial velocity, the central peak at t = 0 becomes more pronounced and the outer tracks less prominent. Eventually, at very small velocities only the central peak corresponding to the formation of a breather after collision prevails, viz. figures 6.
Summary
To summarize, we demonstrate the formation of a stable 3D spatiotemporal vortex bullet with cubic-quintic nonlinearity employing a variational approximation and full 3D numerical solution of the NLS equation. The statical properties of the bullet are studied by a variational approximation and a numerical imaginary-z solution of the 3D NLS equation. The cubic nonlinearity is taken as focusing Kerr type above a critical value, whereas the quintic nonlinearity is defocusing. The dynamical properties are studied by a real-z solution of the NLS equation. In the 3D spatiotemporal case, the vortex light bullet can move with a constant velocity. At large velocities, the collision between the two spatiotemporal vortex light bullets is quasi elastic with no visible deformation of the final bullets. At small velocities, the collision is inelastic with the formation of a breather after collision. At medium velocities the bullets can be destroyed after collision.
